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automorphic function, then {P, z} P'~*is a function automorphic for the same
group.
But between two automorphic functions of the same group, there subsists
an algebraical equation: hence there is an algebraical equation between P
and {P, z} P2, that is, P (2), an automorphic function of z, salisfies a
differential equation of the third order, the degree of which s the integer
representing the number of wrreducible zeros of P and the coefficients of whach,
where they are not derivatives of P, are functions of P only and not of the
independent variable.
This equation can be differently regarded. Take
yl=P/%; y2=ZP/%;
then it is easy to prove that
1 duy, 1 A2y, 1 {P, 2}
ypdP? oy, dP2T % P
The last fraction has just been proved to be an automorphic function of z;
and therefore it is rationally expressible in terms of P and any other general
function, say @, automorphic for the group. Then 3, and ¥, are independent
integrals of the equation

L =y$(P, Q)

where ) and P are connected by the algebraical equation

FP, Q) =0.
Conversely, the quotient of two independent integrals of the equation
a2y

h=yp (P, Q)

where  and P are connected by the algebraical equation

F(P: Q) =0,
can be taken as an argument of which P and ) are automorphic functions:
the class of the equation F' =0 is the class of the infinite group of substitutions
for which P and ¢ are automorphic*.

Ez. One of the simplest set of examples of automorphic functions is furnished by
the class of homoperiodic functions (§ 116). Another set of such examples arises in the
triangular functions, discussed in § 275; they are automorphic for an infinite group, and
the triangles have a circle for their natural limit. A third set is furnished by the polyhedral
functions (§§ 276--279).

As a last set of examples, we may consider the modular-functions which were
obtained by a special method in § 303.

* Klein remarks (Math. Ann., t. xix, p. 143, note 4) that the idea of uniform automorphic
functions occurs in a posthumous fragment by Riemann (Ges. Werke, number xxv, pp. 418—416).
It may also be pointed out that the association of such functions with the linear differential
equation of the second order is indicated by Riemann.
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First, we consider them in illustration of the algebraical relations between functions
automorphic for the same group. It follows, from the construction of the group and the
relation of ¢ to w, that, in the division of the plane by the group with Uw and Vuw for its
fundamental substitutions, where

Tw=w+2, Vw= ki

1-2w’

there is only a single point in each of the regions for which ¢ has an assigned value; hence,
regarding ¢ as an automorphic function of w, the number « (§ 310) is unity. If there be
any other function €' of w, automorphic for this group, then between ' and ¢ there is an
algebraical relation of degree in € equal to the number « for ¢, that is, of the first degree
in €. Hence every function automorphic for the group, whose fundamental substitutions

are U and V, where
w

Uw=w+2 V= ———
w=wt2, YT o
is a rational algebraical function of c.
In the same way, it can be inferred that every function automorphic for the group,
whose fundamental substitutions are
1

Ow=w+2, Tw=--,
w

is a rational, algebraical, function of cc'; and that every function automorphic for the group,
whose fundamental substitutions are

Sw=w+1, Tw:—l,
w
, . o aw-+b
that s, automorphic for all substitutions of the form oot d’ where a, b, ¢, d are real
2_ 3
integers, such that ad—be=1, s a rational algebraical function of J :%—Z(C—C—;f% .

Secondly, in illustration of the general theorem relating to the differential equation
of the third order which is characteristic of an automorphic function, we consider the

quantity ¢ as a function of the quotient of the quarter-periods. Let z denote ’L—Ig: then
because every function automorphic for the same group of substitutions as ¢ is a rational
function of ¢, we have
{C(’: ,:}:rational function of ¢;
and therefore, by a property of the Schwarzian derivative,
{2, ¢} = — same rational function of e.
By known formule of elliptic functions, it is easy to shew that
l—c+c?
& d=gai_op
thus verifying the general result.
Similarly, it follows that {% R 0}, where §=cc, is a rational function of ¢¢, the actual

value being given by {Elﬁ’ 6} 1-so+16e
. K ") 202 (1462’
and that {171;'_, J } is a rational function of ./, the actual value being given by
{LK' J} 16721237 330
K’ ) 2J2(dJ-27)? °
In this connection a memoir by Hurwitz* may be consulted.

* Math. Ann., t. xxxiii, (1889), pp. 345—352.
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The preceding application to differential equations is only one instance
in the general theory which connects automorphic functions with linear
differential equations having algebraical coefficients. This development
belongs to the theory of differential equations rather than to the general
theory of functions: its exposition must be reserved for another place.

Here my present task comes to an end. The range of the theory of
functions is vast, its ramifications are many, its development seems illimit-
able: an idea of its freshness and its magnitude can be acquired by noting
the results, and appreciating the suggestions, contained in the memoirs of
the mathematicians who are quoted in the preceding pages.
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Abbildung, conforme, 11.

Absoluter Betrag, 3.

Accidental singularity, 16, 53.

Addition-theorem, algebraical, 297.

Adelphic order, 317.

Algebraical addition-theorem, 297.

Algebraical function, rational, 70.

Algebraical function determined by an equation,
161.

Amplitude, 3.

Analytical curve, 409, 423, 530.

Analytic function, monogenic, 56.

Argument, 3.

Argument and parameter, interchange of, 451.

Arithmetic mean, method of the, 408.

Ausserwesentliche singulire Stelle, 53.

Automorphie functions, 582, 619.

Betrag, absoluter, 3.
Bien défini, 161,
Bifacial surface, 325.
Boundary, 322.
Branch, 15.
Branch-line, 339.
Branch-point, 15, 154.
Branch-section, 339.

Canonical resolution of surface, 855.

Categories of corners, cycles, 592, 596.

Cirele, diseriminating, 111.

Circuit, 327.

Class (of connected surface), 324,

Class of doubly-periodic function of second
order, 223.

Class of equation, 349.

Class of group, 608.

Class of singularity, 147,

Class of tertiary-periodic function, 288.
Class of transcendental integral functions, 89.
Combination of areas, 425.

Compound circuit, 327.

Conformal representation, 11.
Conforme Abbildung, 11.

Congruent figures, 517, 591.

Conjugate edges, 592.

Connected surface, 312.

Connection, order of, 317.
Connectivity, 317.

Constant modulus for cross-cut, 377.
Contiguous regions, 591.
Continuation, 55.

Continuity, region of, 55.

Continuous substitution, 584.
Convergence, uniform unconditional, 127.
Convexity of normal polygon, 594.
Corner of region, 591.

Coupure, 140, 186.

Critical point, 15.

Cross-cut, 314.

Cross-line, 3839.

Cyecles of corners, 593.

Deficiency, 356.

Deformation of loop, 357.
Deformation of surface, 333.
Degree of psendo-automorphic function, 651.
Derivative, Schwarzian, 529.
Dihedral group, 623,
Diramazione, punto di, 15.
Dirichlet’s principle, 408.
Discontinuity, polar, 16.
Discontinuous groups, 584.
Discontinuous substitution, 584.
Discrete substitution, 584,
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Discriminating circle, 111.

Domain, 52.

Double (or fixed) circle of elliptic substitu-
tion, 613.

Doubly-periodic function of first, second, third,
kind, 273, 274.

Edge of region, 591.

Edges of cross-cut, positive and negative, 375.

Eindndrig, 15.

Eindeutig, 15.

Ez:nfach zusammenhingend, 313.

Element, 56.

Element of doubly-periodic function of third
kind, 291, 293.

Elementary integral of the second kind, third
kind, 396, 402.

Elliptic substitution, 517.

Equivalent homoperiodie functions, 220.

Essential singularity, 17, 53.

Existence-theorem, 369, 405.

Factor, primary, 82,

Factorial functions, 464.

Families of groups, 606.

Finite groups, 586.

First kind, doubly-periodic function of the,
273.

First kind of Abelian integrals, 394.

Fixed (or double) points of substitution, 514.

Fortsetzung, 55.

Fractional factor for potential function, 422.

Fractional part of doubly-periodic function,
220.

Fuchsian functions, 619,

Fuchsian groups, 606.

Fundamental circle for group, 603.

Fundamental loops, 360.

Fundamental parallelogram, 200,

Fundamental polyhedron (of reference for
space), 615.

Fundamental region (of reference for plane),
591,

Fundamental substitutions, 583.

Gattung (kind of integral), 394.

Genere, 89.

Genere (class of connected surface), 324.

Geschlecht, 324.

Genre (applied to singularity), 148.

Genre (applied to transcendental
functions), 89.

Genre (class of connected surface), 324.

Giramento, punto di, 15.

Gleichmassig unbedingt convergent, 127.

integral
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Gleichverzweigt, 371.
Grenze, natiirliche, 129.
Grenzkreis, 111.

Group of substitutions, 582,
Grundzahl, 317.

Hauptkreis, 603.

Holomorphie, 15.

Homogeneous substitutions, 622.

Homographic transformation, or substitution,
512.

Homologous (points), 200.

Homoperiodie, 224.

Hyperbolic substitution, 517.

Improperly discontinuous groups, 585.

Infinitesimal substitution, 522.

Infinity, 16.

Integrals of the first kind, second kind, third
kind, Abelian, 394, 396, 400.

Interchange of argument and parameter, 451.

Invariants of elliptic functions, 250.

Inversion-problem, 455,

Irreducible circuit, 327.

Irreducible (point), 199, 200.

Isothermal, 576.

Kleinian functions, 619.
Kleinian groups, 610.

Lacet, 153.

Lacunary functions, 141,
Ligne de passage, 339.

Limit, natural, 129.
Limitrophe, 591.

Linear substitution, 512.
Loop, 153.

Loop-cut, 315.

Loxzodromic substitution, 517.

Mehrdeutig, 15.

Melafach zusammenhdngend, 314.
Meromorphie, 16.

Modular-function, 633.

Modular group, 587.

Modulus, 3.

Modulus for cross-cut, constant, 377.
Modulus of periodicity {cross-cut), 377.
Monadelphie, 313.

Monodromie, 15.

Monogenic, 14.

Monogenic analytic funetion, 56.
Monotropie, 15.

Multiform, 15.

Multiple eircuit, 327.
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Multiple connection, 314.
Multiplicateurs, fonctions &, 464.
Multiplier of substitution, 515.

Natural limit, 129.

Natiirliche Grenze, 129.

Negative edge of cross-cut, 375.

Niveaupunkte (points where a function acquires
any, the same, value, 227).

Non-essential singularity, 53.

Normal (connected) surface, 334.

Normal form of linear substitution, 582.

Normal function of first kind, second kind,
third kind, 446, 448, 450.

Normal polygon for substitutions, 594.

Order of a doubly-periodic function, 220.
Order, of connection, adelphic, 317.
Ordinary point, 52.

Orthomorphosis, 11.

Parabolic substitution, 517.

Parallelogram, fundamental or primitive, 200,
206.

Path of integration, 18.

Period, 198.

Periodicity for eross-cut, modulus of, 377.

Polar discontinuity, 16.

Pole, 16, 53.

Polyadelphie, 314.

Polyhedral functions, 575.

Polytropie, 15.

Positive edge of cross-cut, 375.

Potential function, 407.

Primary factor, 82.

Primfunction, 82.

Primitive parallelogram, 206.

Properly discontinuous groups, 585.

Pseudo-periodicity, 256, 259, 273, 274.

Querschnitt, 314.

Ramification (of Riemann’s surface), 349.
Ramification, point de, 15.

Rational algebraical funetion, 70.
Rational points, 141.

Rational transcendental function, 70.
Real substitutions, 517, -
Reconcileable circuits, 327.
Reducible circuit, 327.

Reducible (point), 199, 200.

Region of continuity, 55.

Regular, 16, 52.

Regular singularities, 163.
Représentation conforme, 11.
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Regidue, 42.

Resolution of surface, canonical, 355.
Rétrosection, 315.

Riemann’s surface, 336.

Root, 16,

Riickkehrschnitt, 315.

Schleife, 153.

Schwarzian derivative, 529.

Second kind, doubly-periodic function of the,
274.

Second kind of Abelian integrals, 396.

Secondary-periodic functions, 275.

Section, 140, 186.

Section (cross-cut), 314.

Sheet, 336.

Simple branch-points, 174.

Simple circuit, 327.

Simple connection, 313,

Simple curve, 21.

Simple cycle of loops, 360.

Simple element of positive class for tertiary-
periodie function, 291.

Singular point, 16.

Singularity, accidental, 16, 53.

Singularity, essential, 17, 53.

Species of singularity, 148.

Sub-categories of cycles, 607.

Substitution, homogeneous, 622,

Substitution, linear or homographie, 512.

Synectic, 15.

Taglio trasversale, 314.

Tertiary-periodic functions, 275.

Tetrahedral group, 625.

Thetafuchsian function, 642.

Third kind, doubly-periodic function of the, 274.
Third kind of Abelian integral, 400.
Transcendental function, rational, 70.
Trasversale, 314.

Umgebung, 52.
Unifacial surface, 825.
Uniform, 15.

Verzweigungschnitt, 339,
Verzweigungspunkt, 15.

Wesentliche singulire Stelle, 53.
‘Winding-point, 346.
‘Winding-surface, 346.
Windungspunkt, 15,

Zero, 16.
Zusammenhingend, einfach, mehyfach, 313, 314.
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Abelian transcendental functions, arising by
inversion of functions of the first kind on
a Riemann’s surface, 455 ;

Weierstrass’s form of, 456.

Accidental singularities, 16, 53, 64 ;

must be possessed by uniform function,
64;

form of function in vicinity of, 64;

are isolated points, 65 ;

number of, in an area, 67, 68, 72 ;

if at infinity and there be no other
singularity, the function is algebraical
polynomial, 69 ;

if there be a finite number of, and no
essential singularity, the uniform
function is rational, algebraical and
meromorphie, 71.

Addition-theorem, for uneven doubly-periodic
function of second order and second class,
247 ;

for Weierstrass’s (?-function, 262 ;
partial form of, for the s-function and
the {-function, 261
definition of algebraical, 297;
algebraical, is possessed by algebraical
functions, 297;
by simply-periodie functions, 298 ;
by doubly-periodic functions, 299 ;
function which possesses an algebraical, is
either (i) algebraical, 300;
or (ii) simply-periodic, 303, 305 ;
or (iii) doubly-periodic, 307 ;
satisfies a differential equation be-
tween itself and its first derivative,
308 ;
condition that algebraical equation be-
tween three variables should express,
310;
form of, when function is uniform, 311 ;
reference to binomial differential equa-
tions, 490.

Algebraic equation between three variables
should express an addition-theorem, condi-
tion that, 310;

Algebraic equation, defining algebraic multi-
form functions, 161 (see algebraic function);

class of, 349 ;
for any uniform function of position on
a Riemann’s surface, 371.

Algebraic funection, rational integral, 70.

Algebraic (multiform) functions defined by
algebraical equation, 161;

branch-points of, 162;
infinities of, are singularities of the
coefficients, 163 ;
graphical method for determination
of order of, 164 ;
branch-points of, 168 ;
cyclical arrangements of branches round
a branch-point, 171;
when all the branch-points are simple,
174;
in connection with Riemann’s surface,
338.
Algebraic function on a Riemann’s surface,
integrals of, 387;
integrals of, everywhere finite, 388 ;
number of, in a special case, 388 ;
when all branch-points are simple, three
kinds of integrals of, 389 ;
infinities of integrals of, 390, 393 ;
branch-points of integrals of, 393.

Algebraic functions on a Riemann’s surface,
constructed from normal elementary func-
tions of second kind, 457 ;

smallest number of arbitrary infinities
to render this construction possible,
457;

Riemann-Roch’s theorem on, 459 ;

smallest number of infinities of, which,
except at them, is everywhere uniform
and continuous, 460 ;
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which arise as first derivatives of func-
tions of first kind, 460;
are infinite only at branch-points,
460;
number of infinities of, and zeros
of, 461 ;
most general form of, 461 ;
determined by finite zeros, 462 ;
determine a fundamental equation for a
given Riemann’s surface, 462 ;
relations between zeros and infinities of,
468,

Algebraic isothermal curves, families of, 576
et seq. (see isothermal curves).

Algebraic relation between functions automor-
phic for the same infinite group, 653 ;

class of, in general, 654.
Analytic function, monogenie, 56.
Analytical curve, 409, 423, 530;

represented on a cirele, 423;

area bounded by, represented on a half-

plane, 530;
consecutive curve can be chosen at
will, 531.

Analytical test of a branch-point, 157.

Anchor-ring conformally represented on plane,
501,

Anharmonie group of linear substitutions, 620.

Anharmonic function, automorphic for the an-
harmonic group, 620.

Appell’s factorial functions, 464 (see factorial
functions).

Area, simply connected, can be represented
conformally upon a circle with unique cor-
respondence of points, by Riemann’s theorem,
526;

form of function for representation on a
plane, 528, 540;

form of function for representation on a
circle, 529 ;

bounded by analytical curve represented
on half-plane, 530 ;

bounded by cardioid on half-plane, 536 ;

of convex rectilinear polygon, 537 et
seq. (see rectilinear polygon);

bounded by circular arcs, 549 et seq. (see
curvilinear polygon).

Areas, combination of, in proof of existence-
theorem, 425,

Argument (or amplitude) of the variable, 3.

Argument of function possessing an addition-
theorem, forms of, for a value of the function,
300 et seq.

Argument and parameter of normal elementary
function of third kind, 453.
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Automorphie funetion, 619 ;
constructed for infinite group in pseudo-
automorphic form, 638 et seq. (see
thetafuchsian functions);
expressed as quotient of two theta-
fuchsian functions, 651;
its essential singularities, 651
number of irreducible zeros of, is the
same as the number of irreducible
accidental singularities, 651;
different, for same group are connected
by algebraical equation, 653 ;
clags of this algebraical equation in
general, 654 ;
connection between, and general linear
differential equations of second order,
656 ;
modular-functions as examples of, 657.

Barriers, impassable, in connected surface, 313;
can be used to classify connected sur-
faces, 314;
changed into a cut, 314.

Bifacial Surfaces, 325, 333.

Binomial differential equations of first order
when the integral .is uniform, with the
various classes of integrals, 482 et seq.

Boundary of region of continuity of a function
is composed of the singularities of the
function, 57.

Boundary, defined, 322;

assigned to every connected surface, 314,
322, 329;

edges acquired by eross-cut and loop-
cut, 315;

of simply connected surface is a single
line, 323 ;

effect of cross-cut on, 323 ;

and of loop-cut on, 324,

Boundary conditions for potential function,
410 (see potential function).

Boundary values of potential function for a
circle, 414 ;

may have limited number of finite dis-
continuities, 417 ;

include all the maxima and the minima
of a potential function, 422,

Boundaries of connected surface, relation be-
tween number of, and connectivity, 324,

Branch-lines, are mode of junction of the sheets
of Riemann’s surfaces, 339 ;

properties of, 340 et seq.;

free ends of, are branch-points, 340 ;

sequence along, how affected by branch-
points, 341;
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system of, for a surface, 341; Categories of corners, 592 (see corners).
special form of, for two-sheeted surface, Cauchy’s theorem on the integration of a holo-
344 ; morphie funetion round a simple curve, 23 ;

when all branch-points are simple,
356 ;
number of, when branch-points are
simple, 364.

Branches of a funetion, defined, 15

affected by branch-points, 151 et seq.;

obtained by continuation, 151;

are uniform in continuous regions where
branch-points do not oceur, 155;

which are affected by a branch-point,
can be arranged in cyeles, 156

restored after number of descriptions of
circuit round branch-point, 157 ;

analytical expression of, in vicinity of
branch-point, 158;

number of, considered, 159;

of an algebraic funection, 161 (see alge-
braic function) ;

a function which has a limited number
of, is a root of an algebraic equation,
175.

Branch-points, defined, 15, 154;

integral of a function round any curve
containing all the, 37;

effect of, on branches, 149, 151, et seq.;

analytical test of, 157;

expression of branches of a function in
vieinity of, 158;

of algebraic functions, 162, 168 ;

simple, 174, 855;

number of simple, 175

are free ends of branch-lines, 340;

effect of, on sequence of interchange
along branch-lines, 341;

joined by branch-lines when simple, 344;

deformation of ecircuit on Riemann’s

and of a meromorphic function, 27;

. on the expansion of a function in the

vicinity of an ordinary point, 43.

Circle, areas of curves represented on area of :

exterior of ellipse, 501 ;

interior of ellipse, 504 ;

interior of rectangle, 502, 544 ;

interior of square, 503, 545 ;

exterior of square, 545 ;

exterior of parabola, 505 ;

interior of parabola, 506 ;

half-plane, 506 ;

interior of semicircle, 507 ;

infinitely long strip of plane, 508 ;

any circle, by properly chosen linear
substitution, 514 ;

any simply connected area, by Riemann’s
theorem, 526 ; ‘

interior of cardioid, 536 ;

interior of regular polygon, 548 (Ex.).

Circuits, round branch-point, effect of, on
branch of a function, 153, 155 ;

restore initial branch after number of
descriptions, 157 ;

on connected surface, 327 ;

reducible, irreducible, simple, multiple,
compound, reconcileable, 327 ;

represented algebraically, 328;

complete system of, contains unique
number of circuits, 328 ;

drawn on a simply connected surface are
reducible, 329 ;

number in complete system for multiply
connected surface, 330

cannot be deformed over a branch-point
on a Riemann’s surface, 350.

Circular functions obtained, by integrating
algebraical functions, 191 ;
on a Riemann’s surface, 380.
Class of, algebraic equation associated with a

surface over, is impossible, 350 ;
circuits round two, are irreducible, 350 ;
number of, when simple, 356 ;
in connection with loops, 357 (see

loops); Riemann’s surface, 349 ;
canonical arrangement of, when simple, between automorphic functions, 654 ;
364. connected surface, 324 ;

essential singularity, 147 ;

Fuchsian group, 608 ;

Laguerre’s criterion of, 91;

Riemann’s surface, 349;

simple function of given class, 91;

tertiary-periodie function, positive, 288 ;

negative, 291

transcendental integral function, as de-

fined by its zeros, 89.

Canonical form of complete system of simple
loops, 361;
Riemann’s surface, 365 ;
resolved, 366.
Canonical resolution of Riemann’s surface, 355.
Cardioid, area bounded by, represented on strip
of plane, 535;
on a cirele, 536.
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Classes of doubly-periodic functions of the
second order are two, 223.

Closed eycles of corners in normal polygon for
division of plane, 596 (see corners).

Combination of areas, in determination of
potential function, 425.

Complex variable defined, 1;

represented on a plane, 2 ;
and on Neumann’s sphere, 4.

Compound ecircuits, 327.

Conditions that one complex variable be a func-
tion of another, 7.

Conformal representation of planes, established
by functional relation between variables, 11;

magnification in, 11;

used in Schwarz’s proof of existence-
theorem, 423 ;

most general form of relation that secures,
is relation between complex variables,
496 ;

examples of, 501 et seq.

Conformal representation of surfaces is secured
by relation between complex variables in the
most general manner, 492 ;

obtained by making one a plane, 495 ;
of surfaces of revolution on plane, 496 ;
of sphere on plane, 497 ;
Merecator’s and stereographic projec-
tion, 498 ;
of oblate spheroid, 500 ;
of ellipsoid, 500 ;
of anchor-ring, 501 ;
Riemann’s general theorem on, 526 ;
form of function for, on a plane, 528;
on a circle, 529,

Congruent regions by linear substitutions, 517,
591.

Conjugate edges of a region, 592 (see edges).

Connected surface, supposed to have a boundary,
314, 322, 329 ;

to be bifacial, 325
divided into polygons, Lhuilier’s theorem
on, 325;
geometrical and physical deformation of,
333;
can be deformed into any other connected
surface of the same connectivity having
the same number of boundaries, if both
be bifacial, 334 ;
Klein’s normal form of, 334.
Connection of surfaces, defined, 312 ;
simple, 313;
definition of, 815 ;
multiple, 314 ;
definition of, 315 ;
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affected by cross-cuts, 319 ;

by loop-cuts, 320 ;

and by slit, 321.

Connectivity, of surface defined, 317;

affected by eross-cuts, 319

by loop-cuts, 320;

by slit, 321 ;
of spherical surface with holes, 821 ;
in relation to irreducible circuits, 330 ;
of a Riemann’s surface, with one boun-

dary, 347 ;

with several boundaries, 850.

Constant, uniform function is, everywhere if
constant along a line or over-an area, 59.

Constant difference of integral, at opposite
edges of cross-cut, 375 ;

how related for cross-cuts that meet, 376 ;
for canonical cross-cuts, 377 (see
moduli of periodicity).

Contiguous regions, 591.

Continuation, of function by successive domains,
54;

Schwarz’s symmetric, 57 ;

of function with essential singularities,
99;

of multiform function to obtain branches,
151,

Continuity of a funection, region of (see region
of continuity).

Continuous Group, 584.

Contraction of areas in conformal representation,
537.

Convex curve, area of, represented on half-
plane, deduced as the limit of the representa-
tion of a rectilinear polygon, 548.

Convex normal polygon for division of plane, in
connection with an infinite group, 595 ;

angles at corners of second category and
of third category, 597 ;
sum of angles at the corners in a cycle
of the first category is a submultiple
of four right angles, 598; )
when given leads to group, 600 ;
changed into a closed surface, 608.
Corners, of regions, 591
three categories of, for Fuchsian group,
592
cycles of homologous, 593 ;
how obtained, 596 ;
closed, and open, 596 ;
categories of cycles, 596 ;
of first category are fixed points of
elliptic substitutions, 600 ;
of second and third categories are fixed
points of parabolic substitutions, 600 ;
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sub-categories of cycles of, 607 ;
open cycles of, do not occur with Klein-
ian groups, 613.
Crescent changed into another of the same
angle by a linear substitution, 514 ;
represented on a half-plane, 554.
Criterion of character of singularity, 66 ;
class of transcendental integral function,
91.
Critical integer, for expansion of a function in
an infinite series of functions, 124.
Cross-cuts, defined, 814 ;
effect of, on simyply connected surface, 316 ;
on any surface, 316 ;
on connectivity of surface, 319 ;
on number of boundaries, 323;
and irreducible circuits, 330 ;
on Riemann’s surface, 351 ; -
chosen for resolution of Riemann’s sur-
face, 852 ;
in canonical resolution of Riemann’s
surface, 354 ;
in resolution of Riemann’s surface in its
canonical form, 366 ;
difference of values of integral at opposite
edges of, is constant, 375 ;
moduli of periodicity for, 877

number of independent moduli, 379 ;.

introduced in proof of existence-
theorem, 430 et seq.
Curvilinear polygon, bounded by circular arcs,
represented on the half-plane, 549 et seq.;
function for representation of, 550 ;
equation which secures the representa-
tion of, 553
counected with linear differential
equations, 553 ;
bounded by two ares, 554 ;
bounded by three arcs, 555 (see curvi-
linear triangle).
Curvilinear triangles, equation for representa-
tion of, on half-plane, 555 ;
connected with solution of differential
equation for the hypergeometric series,
555
when the orthogonal circle is real, 557 ;
any number of, obtained by inver-
sions, lie within the orthogonal
circle, 558;
equation is transcendental, 559 ;
discrimination of cases, 559, 560 ;
particular case when the three arcs
touch, 561 ;
when the orthogonal circle is imaginary,
561 ;
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stereographic projection on sphere
so as to give spherical triangle
bounded by great circles, 562;
connected with division of spherical
surface by planes of symmetry of
inscribed regular solids, 564 et
sed. ; .
cases when the relation is algebraical
in both variables and uniform
in one, 564 ;
equations which establish the
representation in these cases,
567 et seq. ;
cases when the relation is algebraical
in both variables but uniform in
neither, 574 et seq.
Cycles of corners, 593 (see corners).
Cyclical interchange of branches of a function
which are affected by a branch-point, 156;
when the function is algebraic, 171.

Deficiency of a curve, 356;
is an invariant for rational transforma-
tiong, 367.
Deformation, of a circuit on a Riemann’s surface
over branch-point impossible, 350 ;
connected surfaces, geometrical and phy-
sical, 333;
can be effected from one to another
if they be bifacial, be of the same
connectivity, and have the same
number of boundaries, 334 ;
to its canonical form of Riemann’s sur-
face with simple winding-points, 365;
of loops, 858 et seq.;
of path of integration, of holomorphic
function does not affect value of the
integral, 26; ’
over pole of meromorphic function
affects value of the integral, 34,
of multiform function (see integral
of multiform funection);
form of, adopted, 190;
effect of, when there are more
than two periods, 208;
on Riemann’s surface (see path of
integration);
of path of variable for multiform
functions, 152;
how far it can take place without
affecting the final branch, 152,
153—155.
Derivative, Schwarzian, 529 (see Schwarzian
derivative).
Derivatives, a holomorphic function possesses
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anynumber of, at points within its region, 32;
superior limit for modulus of, 33;
do not necessarily exist along the boun-
dary of the region of continuity, 32,
133;
of elliptic functions with regard to the
invariants, 265.

Description of closed curve, positive and nega-
tive directions of, 3.

Differential equation of first order, satisfied by
uniform doubly-periodic functions, 237;

in particular, by elliptic functions, 238;
satisfied by function which possesses an alge-
braic addition-theorem, 309;
not containing the independent variable, 470 ;
conditions that integral of, is a uniform
funection, 471 et seq.;
when the integral is uniform, it is
either a rational, a simply-period-
ie, or a doubly-periodie, function,
476;
application of general results to bino-
mial, 482 et seq.;
discrimination of solutions into the
three classes, 484 ef seq.;
example of integral that is two-valued,
490;
reference to functions which possess ad-
dition-theorem, 490.

Dihedral function, automorphiec for dihedral
group, 632 (see polyhedral functions).

Dihedral group, of rotations, 623;

of homogeneous substitutions, 624;

of linear substitutions, 625;

function automorphie for, 632.
Directions of description of closed curve, 3.
Discontinuous, groups, 584;

properly and improperly, 585 ;

all finite groups are, 586;

division of plane associated with, 591

(see regions).

Discrete group, 584.

Discriminating cirele for uniform function, 111.

Discrimination between accidental and essen-
tial singularities, 53, 66.

Diserimination of branches of a function ob-
tained by various paths of the variable, 152
—155.

Division of surface into polygons, Lhuilier’s
theorem on, 325.

Domain of ordinary point, 52.

Double points of linear substitution, 514.
Double-pyramid, division of surface of circum-
scribed sphere by planes of symmetry, 564 ;

equation giving the conformal represen-
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tation on a half-plane of each triangle
in the stereographic projection of the
divided spherical surface, 567.
Doubly-infinite system of zeros, transcendental
function having, 84.
Doubly-periodic functions, 198;
graphical representation, 199;
those considered have only one essential
singularity which is at infinity, 218,
227;
fundamental properties of uniform, 219
et seq.;
oxder of, 220;
equivalent, 220;
integral of, round parallelogram of
periods, is zero, 221;
sum of residues of, for parallelogram, is
zero, 222
of first order do not exist, 223;
of second order consist of two classes,
223;
number of zeros .equal to number of
infinities and of level points, 226;
sum of zeros congruent with the sum of
the infinities and with the sum of the
level points, 228 ;
of second order, characteristic equation
of, 231;
zeros and infinities of derivative of,
232 ;
can be expressed in terms of any
assigned homoperiodie function
of the second order with an ap-
propriate argument, 223;
of any order with simple infinities can
be expressed in terms of homoperiodic
functions of the second order, 234;
are connected by an algebraical equation
if they have the same periods, 236 ;
differential equation of first order satis-
fied by, 237;
in particular, by elliptic functions,
238;
can be expressed rationally in terms of
a homoperiodic function of the second
order and its first derivative, 239;
of second order, properties of (see second
order);
expressed in terms of the {~function, 256;
and of the ¢-function, 260;
possesses algebraical addition-theorem,
299.

Edges of cross-cut, positive and negative, 374,
438,
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Edges of regions in division of plane by an
infinite group, 591; ‘
two kinds of, for real groups, 592;
congruent, are of the same kind, 592;
conjugate, 592;
of first kind are even in number and can
be arranged in conjugate pairs, 593;
each pair of conjugate, implies a funda-
mental substitution, 593.
Elementary function of second kind, 448 (see
second kind of functions).
Elementary functions of third kind, 449 (see
third kind of functions).
Elementary integrals, of second kind, 396;
determined by an infinity, except as to
additive integral of firgt kind, 398;
number of independent; 399;
connected with those of third kind, 403.
Elementary integrals of third kind, 402;
connected with integrals of second kind,
403;
number of independent, with same loga-
rithmie infinities, 403.
Flements of analytic funetion, 56;
can be derived from any one when the
function is uniform, 56;
any single one of the, is sufficient for
the construction of the function, 57.
Ellipse, area without, represented on a circle,
501;
area within, represented on a rectangle,
504 ;
and on a cirele, 505.
Ellipsoid conformally represented on plane,
500.
Elliptic functions, obtained by integrating mul-
tiform funections, in Jacobian form, 193;
in Weierstrassian form, 196, 249 et seq.;
on a Riemann’s surface, 383 et seq.
Elliptic substitutions; 517, 519
are either periodic or infinitesimal,
521;
occur in connection with cycles of cor-
ners, 607, 613.
Equivalent homoperiodic functions, 220;
conditions of equivalence, 225.
Essential singularities, 17, 53;
uniform function must assume any value
at, 54, 94;
of transcendental integral funection at
infinity, 74;
form of function in vicinity of, 96 ;
continuation of function possessing, 99;
form of function having finite number
of, as a sum, 100;
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functions having unlimited number of,
Chap. viL.;
line of, 140;
lacunary space of, 141;
classification of, into classes, 146;
into species, 148;
into wider groups, 148;
of pseudo-automorphic functions, 642;
of automorphic functions, 651.
Essential singularities of groups, 522, 606;
are essential singularities of functions
automorphic for the group, 606;
lie on the fundamental circle, 606 ;
may be the whole of the fundamental
circle, 607.
Existence-theorem for functions on a given
Riemann’s surface, Chap. xvir, ;
methods of proof of, 408;
abstract of Schwarz’s proof of, 409;
results of, relating to classes of functions
proved to exist under conditions, 436.
Expansion of a function in the vicinity of an
ordinary point, by Cauchy’s theorem, 43;
within a ring, by Laurent’s theorem, 47.
Expression of uniform function, in vieinity of
ordinary point, 43;
in vicinity of a zero, 61;
in vicinity of accidental singularity, 64;
in vicinity of essential singularity, 96;
having finite number of essential singu-
larities, as a sum, 100;
as a product when without acciden-
tal singularities and zeros, 104;
ag a product, with any number of
zeros and no accidental singu-
larities, 108;
as a product, with any number of
zeros and of accidental singulari-
ties, 110;
in the vicinity of any one of an infinite
number of essential singularities, 113;
having an assigned infinite number of
singularities over the plane, 115;
generalised, 116;
having infinity as its single essential
singularity, 117;
having unlimited singularities distrib-
uted over a finite circle, 117.
Expression of multiform funetion in the vicin-
ity of branch-point, 158.

Factor, generalising, of transcendental integral
function, 81;
primary, 82;
fractional, for potential-function, 422,
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Factorial funetions, pseudo-periodic on a Rie-
mann’s surface, 464 ;
their argument, 464;
constant factors (or multipliers) for cross-
cuts of, 465;
forms of, when eross-cuts are canon-
ical, 466;
general form of, 466;
expression of, in terms of normal ele-
mentary functions of the third kind,
466 et seq. ; '
zeros and infinities of, 468;
cross-cut multipliers and an assigned
number of infinities determine a
limited number of independent, 470.
Factorial periodicity, 586.
Factors (or multipliers) of factorial functions
at cross-cuts, 465,
forms of, when cross-cuts are canonical,
466.
Families of groups, seven, 606 ;
for one' set, the whole line conserved by
the group is a line of essential singu-
larity ; for the other set, only parts of
the conserved line are lines of es-
sential singularity, 607.
Finite groups of linear substitutions, 586, 620;
containing a single fundamental substi-
tution, 586 ;
anharmonie, containing two elliptie
fundamental substitutions, 587.
Finite number of essential singularities, func-
tion having, expressed as a sum, 100.
First kind of pseudo-periodic function, 273.
First kind, of functions on a Riemann’s surface,
436; '
moduli of periodicity of functions of,
439 et seq.;
relation between, and those of a fune-
tion of second kind, 442 ;
when the functions are normal, 447
number of linearly independent functions
of, 443 ;
normal functions of, 446;
inversion of, leading to multiply periodic
functions, 453;
derivatives of, as algebraical funetions,
461;
infinities and zeros of, 461.
Firstkind of integrals on Riemann’ssurface, 394;
number of, linearly independent in
particular case, 395;
are not uniform functions, 395 ;
general value of, 396; (see first kind of
funetions).
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Fixed circle of elliptic Kleinian substitution,
when the equation is generalised, 613.
Fixed points of linear substitution, 514.
Form of argument for given value of function
possessing an addition-theorem, 300 et seq.
Fractional factor for potential function, 422.
Fractional part of doubly-periodic function,
220.
Fuchsian functions,
functions).
Fuchsian group, 591, 606;
if real, conserves axis of real quantities,
591;
when real, it is transformed by one
complex substitution and then con-
serves a circle, 603;
division of plane into two portions
within and without the fundamental
cirele, 603 ;
families of, 606;
class of, 608.
Function, Riemann’s general definition of, 8;
relations between real and imaginary
parts of, 9;
equations satisfied by real and imaginary
parts of, 11;
monogenic, defined, 14;
uniform, multiform, defined, 15;
branch, and branch-point, of a, defined,
15;
holomorphic, defined, 15;
meromorphic, defined, 16;
continuation of a, 55;
region of continuity of, 55;
element of, 56
monogenic analytie, definition of, 56;
constant along a line or area, if uniform,
ig constant everywhere, 59;
properties of uniform, without essential
singularities, Chap. 1v.;
integral algebraical, 70;
integral transcendental, 70;
having a finite number of branches is a
root of an algebraical equation, 175;
potential, 407 (see potential function).
Function possessing an algebraic addition-
theorem, is either algebraie, or algebraic
simply-periodie, or algebraic doubly-periodie,
300;
has only a finite number of values for
one value of the argument, 308;
if uniform, then either rational, or
simply-periodicor doubly-periodie, 308;
satisfies a differential equation between
itself and its first derivative, 309,

619 (see automorphic
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Functional dependence of complex variables,

form of, adopted, 7;
analytical conditions for, 7;
establishes conformal representation, 11.

Functionality, monogenic, not coextensive with
arithmetical expression, 139.

Functions, expression in series of (see series of
functions).

Fundamental circle of Fuchsian group, 603

divides plane into two parts which are
inverses of each other with regard to
the circle, 604 ;

essential singularities of the group lie
on, 606. )

Fundamental equation for a Riemann’s surface
is determined by algebraical functions that
exist on the surface, 462.

Fundamental parallelogram for double period-
ieity, 200, 206 ;

is not unique, 206.

Fundamental region (or polygon) for division
of plane associated with a discontinuous
group, 591

can be taken so as to have edges of the
first kind cutting the conserved line
orthogonally, 594, 604 ;
in this case, called a normal polygon,
594 ;
which can be taken as convex,
595 ;
angles of, 597 (see convex normal
polygon);
characteristies of, 599.
Fundamental set of loops, 360.
Fundamental substitutions of a group, 583;
relations between, 584, 593, 599 ;
one for each pair of conjugate edges of
region, 593.
Fundamental systems of isothermal curves, 579 ;
given by a uniform algebraic function,
or a uniform simply-periodie function,
or a uniform doubly-periodic function,
579;
all families of algebraic isothermal curves
are derived from, by algebraic equa-
tions, 580.

General eonditions for potential function, 410
(see potential function).
Generalised equations of Kleinian group, 612
(see Kleinian group) ;
polyhedral division of space in connec-
tion with, 614;
connected with polygonal division
of plane by the group, 615.
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Generalising factor of transcendental integral
function, 81.
Graphical determination of, order of infinity of
an algebraic function, 164;
the leading term of a branch in the
vicinity of an ordinary point of the
coefficients of the equation, 167;
the branches of an algebraic function in
the vicinity of & branch-point, 170.
Graphical representation of periodicity of fune-
tions, 198, 199.
Group of linear substitutions, 582;
fundamental substitutions of, 583;
relations between, 584 ;
continuous, and discontinuous (or discrete),
584, )
properly and improperly discontinuous, 585 ;
finite, 586 (see finite groups);
modular, with two fundamental substitu-
tions, 587;
division of plane into polygons associated
with, 588 et seq.;
relation between the fundamental
substitutions, 590;
division of plane for any discontinuous group,
591 (see region);
fundamental region for, 591 ;
Fuchsian, 591, 606 (zee Fuchsian group);
when real, conserves axis of real quantities,
591;
fundamental substitutions of, connected with
the pairsof conjugate edges of a region, 593 ;
seven families of, 606;
conserved line in relation to the essential
singularities, 607;
Kleinian, 610 (see Kleinian group);
dihedral, 625
tetrahedral, 627.
Grouping of branches of algebraical function
at a branch-point, 171.

Half-plane represented on a circle, 506 ;
on a semicircle, 506 ;
on a sector, 507
on an infinitely long strip, 508 ;
on a rectilinear polygon, 538 et seq. (see
rectilinear polygon) ;
on a curvilinear polygon, bounded by eir-
cular arcs, 549 et seq. (see curvilinear
polygon, curvilinear triangle).
Hermite’s sections for integrals of uniform
functions, 185.
Hole in surface, effect of making, on connec-
tivity, 320.
Holomorphic function, defined, 15;
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integral of, round a simple curve, 23 ;
along a line, 24 ;
when line is deformed, 26 ;
when simple curve is deformed, 27 ;
has a derivative for points within, but
not necessarily on the boundary of,
its region, 32 ;
superior limit for modulus of derivatives
of, 33;
expansion of, in the domain of an ordi-
nary point, 43, 52 ;
within a ring of convergence by
Laurent’s theorem, 47.
Homogeneous form of linear substitutions, 622.
Homogeneous substitutions, 622 ;
two derived from each linear substi-
tution, 622 ;
dihedral group of, 624.

Homographic substitution connected with sphe-
rical rotation, 620.

Homographic transformation, or substitution,
512 (see linear substitution).

Homologous points, 200, 591.

Homoperiodic functions, 224 ;

when in a constant ratio, 224 ;

when equivalent, 225,

are connected by an algebraical equation,
236.

Hyperbolic substitutions, 517, 519;

neither periodic nor infinitesimal, 522 ;

do not occur in connection with cycles
of corners, 607, 614.

Hypergeometric series, solution of differential
equation for, connected with conformal repre-
sentation of curvilinear triangle, 555 et seq.;

cases of algebraical solution, 567 et seq.

Icosahedral (and dodecahedral) division of sur-
face of circumseribed sphere, 565 ;
equation giving the conformal represent-
ation on a half-plane of each triangle
in the stereographic projection of the
divided surface, 573.
Identical substitution, 583.
Imaginary parts of functions, how related to
real parts, 9;
equations satisfied by real and, 11.
Improperly discontinuous groups, 585 ;
example of, 615 et seq.
Index of a composite substitution, 583 ;
not entirely determinate, 584.
Infinite circle, integral of any function round,
36.
Infinitesimal curve, integral of any function
round, 35.
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Infinitesimal substitution, 584.
Infinities, of a function defined, 16
of algebraic function, 163.

Infinities of doubly-periodic functions, irre-
ducible, are in number equal to the irreducible
zeros, 227

and, in sum, are congruent with their
sums, 228;

of pseudo-periodic functions (see second
kind, third kind).

Infinities of potential function on a Riemann’s
surface, 435.

Integral function, algebraical, 70 ;

transcendental, 70.
Integral with complex variables, defined, 18;
elementary properties of, 19, 20 ;
over area changed into integral round
boundary, by Riemann’s fundamental
lemma, 21 ;
of holomorphic function round simple
curve is zero, 23;
of holomorphie function along a line ig
holomorphie, 24 ;
of meromorphic function round simple
curve containing one simple pole, 27 ;
round simple curve, containing seve-
ral simple poles, 28;
round curve containing multiple
pole, 32;
of any function round infinitesimal circle,
35;
round infinitely great cirele, 36 ;
round any curve enclosing all the
_branch-points, 37;
of uniform function along any line, 184.

Integral of multiform funection, between two
points is unaltered for deformation of path
not crossing a branch-point oran infinity, 181;

round & curve containing branch-points
and infinities is unaltered when the
curve is deformed to loops, 182;

also when the curve is otherwise deformed
under conditions, 183;

round a small curve enclosing a branch-
point, 183;

round a loop, 189 ;

deformed path adopted for, 190 ;

with more periods than two, can be
made to assume any value by modi-
fying the path of integration between
the limits, 208.

Integral of uniform function round parallelo-
gram of periods, is zero when function is
doubly-periodic, 221

general expression for, 222.

43
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Integrals, at opposite edges of cross-cut, values
of, differ by a constant, 375
when cross-cuts are canonical, 877 ;
discontinuities of, excluded on a Rie-
mann’s surface, 378;
general value of, on a Riemann’s surface,
379 ;
of algebraic functions, 387 ;
when branch-points are simple, 389
infinities of, of algebraic functions, 390;
first kind of, 894 ;
number of independent, of first kind,
395;
are not uniform functions of position,
395,
general value of, 396 ;
second kind of, 396 (see second kind) ;
elementary, of second kind, 396 (see
elementary integrals) ;
third kind of, 400 (see third kind) ;
elementary, of third kind, 402 (see
elementary integral) ;
connected with integrals of second
kind, 403.

Integration, Riemann’s fundamental lemma in,
21. .

Interchange, cyclical, of branches of a function
affected by a branch-point, 156 ;

of algebraical function, 171.

Interchange of argument and parameter in
normal elementary funetion of the third
kind, 453.

Interchange, sequence of, along branch-lines
determined, 341.

" Interchangeable substitutions, 586.

Invariants, derivatives of elliptic functions with
regard to the, 265.

Inversion problem, 455 ;

of functions of the first kind with several
variables leading to multiply periodic
functions, 453 et seq.

Inversions at circles, even number of, lead to
lineo-linear relation between initial and final
points, 523.

Irreducible circuits, 327 ;

complete system contains same number
of, 328;

cannot be drawn on a simply connected
surface, 329 ;

round two branch-points, 850.

Irreducible, points, 199, 200, 591, 638 ;

zeros of doubly-periodie function are the
same in number as irreducible infini-
ties, 226 ;
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likewise the number of level-points, 227;

also of automorphie functions, 651

sum of irreducible points is independent
of the value of the doubly-periodic
function, 228.

Isothermal curves, families of plane algebraical,
576 ;

form of equation that gives such families
as the conformal representation of
parallel straight lines, 579 ;

three fundamental systems of, 5679 ;

all, are conformal representations of
fundamental systems by algebraical
equations, 580;

isolated may be algebraical by other
relations, 581.

Kinds of edges in region for Fuchsian group,
592; (see edges).
Kinds of pseudo-periodic funetions, three prin-
cipal, 273, 274
examples of other, 295.
Kleinian functions, 619; (see automorphic
functions).
Kleinian group, 610 ;
conserves no fundamental line, 610 ;
generalised equations of, applied to space,
612;
conserve the plane of the complex
variable, 612
double (or fixed) circle of elliptic
substitution of, 613 ;
polygonal division of plane by, 613;
polyhedral division of space in connec-
tion with generalised equations of, 614;
relation between polygonal division of
plane and polyhedral division of space
agsociated with, 615.

Lacunary functions, 141.
Laguerre’s criterion of class of transcendental
integral function, 91.
Lamé’s differential equation, 281 ;
can be integrated by secondary periodic
functions, 283 ;
general solution for integer value of =,
284 ;
special cages of n=1 and n=2, 285.
Laurent’s theorem on the expansion of a func-
tion which converges within a ring, 47.
Leading term of a branch in vicinity of an
ordinary point of the coefficients of the
equation determined, 167.
Lhuilier’s theorem on division of connected
surface into polygons, 325,
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Limit, natural, of a power-series, 129.

Linear differential equations of the second
order, connected with automorphie functions,
656.

Linear substitution, 512

equivalent to two translations, a reflexion
and an inversion, 512;
changes straight lines and circles into
circles in general, 513 ;
can be chosen so as to transform any
circle into any other circle, 514 ;
changes a plane crescent into another of
the same angle, 514 ;
fixed points of, 514 ;
multiplier of, 515;
condition of periodicity, 515 ;
parabolie, 517 ;
and real, 518
elliptic, 517
and real, 519;
is either periodic or infinitesimal,
521 ;
hyperbolie, 517 ;
and real, 519;
loxodromie, 517, 521 ;
can be obtained by any number of pairs
of inversions at circles, 523 ;
group of, 582 et seq. (see group) ;
normal form of, 582 ;
identical, 583 ;
algebraical symbols to represent, 583 ;
index of composite, 583 ;
infinitesimal, 584 ;
interchangeable, 586 ;
in homogeneous form, 622.

Logarithmic infinities, integral of third kind
on a Riemann’s surface must possess at
least two, 402. )

Loop-cuts, defined, 315;

changed into a cross-cut, 320;
effect of, on connectivity, 320 ;
on number of boundaries, 324.
Loops, defined, 153;
effect of a loop, is unique, 155;
symbol to represent effect of, 357 ;
change of, when loop is deformed,
358;
fundamental set of, 360 ;
simple cycle of, 360 ;
canonical form of complete system of
simple, 361.
Loxodromic substitutions, 517, 521;
neither periodic nor infinitesimal, 522 ;
do not occur in connection with cycles
of corners, 613.
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Magnification in conformal representation, 11,

492,
in star-maps, 499.

Maps, 499.

Maximum and minimum values of potential
funetion for a region lie on its boundary, 422.

Mercator’s projection of sphere, 498.

Meromorphic funetion, defined, 16 ;
integral unchanged by deformation of

simple curve in part of plane where
function is uniform, 27;
integral round a simple curve, containing
one simple pole, 27 ;
round a curve containing several
simple poles, 28;
round a curve containing multiple
pole, 32;
cannot, without change, be deformed
across pole, 34 ;
is form of uniform function with a
limited number of accidental singu-
larities, 71;
all singularities of uniform algebraical,
are accidental, 73.

Mittag-Leffler’s theorems on functions having
an unlimited number of singularities, dis-
tributed over the whole plane, 112;

distributed over a finite circle, 117.

Modular-function defined, 633 ;

connected with elliptic quarter-periods,
633 ;

(see modular group) ;

as automorphic functions, 657.

Modular group of substitutions, 587 ;

is improperly discontinuous for real
variables, 585 ;

division of plane into polygons, asso-
ciated with, 588 et seq. ;

relation between the fundamental sub-
stitutions of, 590 ;

for modulus of elliptic integral, 635 ;

for the absolute invariant of an elliptic
function, 637.
Moduli of periodicity, for cross-cuts, 377 ;
values of, for canonical eross-cuts, 377 ;
number of linearly independent on a
surface, 379 ;

examples of, 379 et seq. ;

introduced in proof of existence-theorem,
430 et seq.;

of function of first kind on a Riemann’s
surface, 439 et seq.;

relation between, of a function of first
kind and a function of second kind,
442



