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51222 Fiaz~ea.=.a—tc=a [¥51211.%24°313]
#5123, Fita=ty.=.yet’z.=.zel'y.=.x=y
Dem.
F.%2031.%51'15.D
Fito=1y.=z=a.5,.2=1y1
[¥13183] =:a=y: (D
[%5115] =:welfy: (2)
[(1).#1316] =:yetx (3)
Fo(1).(2).(3).DF. Prop
%6123 Frt‘onty=A.=.xFy
Dem.
Fos24311.DFntfentéy=A. =12 C— LJ
[%51°15] Srz=w. D, 2%y
[%13191] =:xdy:.dF. Prop

%51232. F:ize(tfw v Ly) .

This proposition states

=iz=x.V.z=y [%22:34.%51°15]

that & member of t‘z v t‘y must be either z or y,

and viee versa, v.e. that ‘2 v (‘y is the class whose only members are « and y.

#61:233. Fura=tvviy. D (2)tzea.ztz=0.V.2=Y
[%51232 . %10°11 . %20°18]

%61234. Fria=1wviy. D zea. D, Pz =.px. Py

Dem.
Fox51233. Dk Hp.Dtizea. D, pzr=tz=w.v.2=y:D,. pz .
[%477] =n(g)nz=a.d.¢pziz=y.d. bzt
[#10-22° =tz=w.D,.pziz=y.D,. Pz
[*13191] =i ¢w.pyi. DF. Prop

#0123, I ::
Dem.
F.%51'233.D
Fi:Hp.D:(qz).2ea. ¢z,

[%4-4]
[%1042]
[%13195]
*01236. Fizet‘zvB.=
%01237. Frra=12uB.D:(2):.z€

[%51-236 . %10°11 . %20'18]

a=trvt‘y.dn(y2).zea.

bpz.=:1dr.v.dy

(He)iz=ax.V.z=y:¢z:

=:(e)iz=w.pz.V.z=Yy.¢pz:
=:(fo).z=a.pz.V.(2). 2=y . Ppz:
=:¢dr.v.py:: D . Prop

tz=a.V.z€ef3 [*22 34 . %51°15]

0a.=:1z=x.V.zef3
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%51238. Fota=12vB.Dnzea.D, . pz:=1dxrizeB.D,. Pz
Dem.
F.%51237.DF::.Hp.D::zea.D,. pz:

I

Lz=x.V.zefB:D,.¢z:.

[%4°77] =n(2)tz=a.D.¢pz:2¢B.D. ¢z,
[¥1022] =tz=x.D,.¢z:2z¢B.2,.¢pz:.
[%13191] =i ¢rizeB.D,.pz::. k. Prop

%51239. Fira=t2vB.D:(qo).zea.pz.=:dpx.v.(q2) .26 B. dpz
Dem.
F.%51237.D

FuHp.D:wn(ge).zea.pz.=:(f2)i2=x.Vv.zeB: dz:

[%4-4] =:1(ge)iz=x.¢pz.Vv.zeB.pz:
[%1042] =i (g2).2=x.¢z.v.(d2).2e B . Ppz:
[%13:195] =:¢r.v.(g2).2¢B.¢pz:: D F. Prop
%6124 F: 'y Ci'zvB.=1y=a.v.yef3
Dem.

F.%x51236.D
FavyCr'zavB.=tzel’y.D,iz=2.v.2¢ef:.
[%51°15]

[%13191]

i

Lz=y.diz=x.V.zePB

il

Ly=x.v.yeB:uIdF.Prop
%5125, F:aCtzvB.z~ea.D.aCB [%51211.%24-49]
%613. F:iyea.yFz.=.yea—tw [%51°15 . %22-33:35]

%6131, F:qlanitz.=.t2Ca.=.ant‘e=t2.=.7¢ca

Dem.
F.%2233.%51'15. DF:qlantz.=.(qy) - yea.y==x.
[%13:195] =.2x€ea. (1)
[%512] =.tz2Ca. (2)
[%22:621] = 'z=t2na 3)

Fo(1).(2).(3).DF. Prop
%6134 F:zea.=.—aC—tz [#51'2.%22:81]
%5130. F:z~ea.

il

e C—a [#51°2. %22:35]

%6136 F:rx~ea.=.aC—1c [%51'35.%22:811]
%5136 is frequently used.

#6137, F.a=2(t2 Ca) [%51°2 . %2033]
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%514 Figqla.aCiz.=.a=1

Dem.

F.%24'5.%51'15. D Foqla.aCiz.=: (qy) . yeatyea. Dy . y==x:

[%14:122] S1YeEa.Ey Y=o

[%51°11.%2033] =:ta=t(z:.JF.Prop
*¥51401. F:aCiz.=ta=A.v.a=1

Dem.

Fox5l4.%56. ODFnaCile.dDra=A.v.a=i 1)
L2412, %2242 . D Fa=A.v.a=tz:D.aCiz  (2)
F.(1).(2).DF. Prop

This proposition shows that unit classes are the smallest existent classes.

%6141, Frizviy=tzviz.=.y=2

Dem.

F.o%202.%1313.DF:y=2.D.tcvify=tz v’ (1)
F.%2258.0F 1z vify=1cviz. Dty Cla v iz 152 Ctéa v 1y
[%51°16-232] diy=a.V.y=ziz=x.V.2=9:
[#%13:16.%4°41] Diy=zr.z=2.V.y=2z:
[%13:172.%2:621] diy=z : (2)

F.(1).(2).DF.Prop
The two following propositions are lemmas for %5143,

%0142, Fiacvi‘y=12viiw.diz=z.y=w.v.a=w.y=z
Dem.

F.%x51232.D
I-::L‘xul,‘y———t‘zul,‘w.z:.a=m.v.a=y:Ea:a=z.v.a='w:.

[%10-1] diur=x.V.x=y:i1=10=2.V.Z=W:h
[#13-15] Ddia=z.V.zx=w (1)
Fo%202. %1313 . Db ifavi‘y=12viw.a=2z. D t'a v iy = ‘e v t‘w .
[%51-41] d.y=w (2)
Similarly Frievi'y=1tzvi‘w.2=w.d.y=z2 (3)

Fo(1).(2).(8).DF. Prop
#1421 Fro=z.y=w.v.z=w.y=z:D.cvify=12vi‘w [*5141]
#6143, Lz viy=12viw.=iz=z.y=w. V.o =w.y=2
[%51-42:421]
The following propositions are concerned with Zi.e. with the relation of
the only member of a unit class to that class. If « 1s a unit class, Cha is its

only member. (1z) (¢z) and ¢“2(¢z) are equal whenever either exists, and
any proposition about the one is equivalent to the same proposition about
the other. ‘
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#6161, Fia=tz.=.2= Ca. = ala
Dem. o
F.k51131 . %31)11. D Fra=t2.=.2tLa (1)
F.(l).Df—:x:a.y:a.:).a=t‘w.a=t‘y.
[%51:23.%20°57-2] d.w=y (@)
F.(2). Exp. #1011 . %471 . Db toata . =t alat yia. Dy .o =1y :
[%3031] =ie= 1% 3)
F.(1).(3).2F. Prop
v Lz

*¥51611. F. (2 =x [*51'51 o *20'2‘|

#5152, F:iElia.=.a=11 [*51-51 e, *14'21'18}

#5153, F:E!i‘a.=. (‘aca [¥51°52:16 . %14-21°18]

%5164, F:E! :‘a s () ca=ta [#51°51 . %14:204]

#5165, F:B!ia. = . E1(e)(zea)
Dem. o
Foxs15414.DFEltla. = (o) tyea.=,.y=a:
[*14:11] =:E!'(w)(zea):. DF . Prop
K516, F:b=19(dy) =9 (by)=1D.=.b= (1) ($)

Dem. o
F.oxb151.DFeb=1G(dy)-=:5(dy)=1b: (1)
[%2015.%51°11] =:1¢dy.=,.y=>b:

[%14:202] = : b= (1) (¢2) (2)

F.(1).(2).2F. Prop

#5157 FrE1LD(dy) . =. L9 (dy) = (1) ($) . = . B ! (1) ()
Dem.
F.%14:204 . %5156 .2 F: B 11 (dy) . = . B 1 (1) () (1)
F.%14205.DF: (1z) (pa) = tG(dy) . = . (D) . b= (1) (pa2) . b = 1§ () .
[%51°56.%4771] (1) - b = (1) () .
[¥14:20413] B! (1) () 2)
F.(1).(2).2F.Prop

il

lil

#5168, F:Elia.=.1%=(a)(zea) [¥5157.%208 . x14272]

*B159. F i (0 (¢2)] « = . ¥ (1) (b) [¥51°56 . ¥14-205]



#b2. THE CARDINAL NUMBER 1.

Summary of %52.

In this number, we introduce the cardinal number 1, defined as the class
of all unit classes. The fact that 1 so defined is a cardinal number is not
relevant at present, and cannot of course be proved until “ cardinal number”
has been defined. For the present, therefore, 1 is to be regarded simply as
the class of all unit classes, unit classes being such classes as are of the form
t“z for some a.

Like A and V, 1 is ambiguous as to type: it means “all unit classes of
the type in question.” The symbol “1(a),” where a is a type, will mean
“all unit classes whose sole members belong to the type a” (cf. ¥65). Thus
eg. “Eel(Indiv)” will mean “§ is a class consisting of one individual,” if
“Indiv” stands for the class of individuals. ‘

The properties of 1 to be proved in the present number are what we may
call logical as opposed to arithmetical properties, 7.e. they are not concerned
with the arithmetical operations (addition, ete.) which can be performed
with 1, but with the relations of 1 to unit classes. The arithmetical pro-
perties of 1 will be considered later, in Part III.

The propositions of the present number which are most used are the
following :

*%0216. Fiael.=:qlazz,yea.d, .=y
Le. o is a unit class if, and only if, it is not null, and all its members
are identical.

*%6222. F.iwel

%5624, Frnaelvi‘A.=:z,yea.Dd,,.x2=y
We shall define 0 as ¢t‘A. Thus the above proposition states that a class

has one member or none when, and only when, all its members are
1dentical.

%6241 F:qgla.a~el.=.(qa,y) .o, yca.aty
This proposition is obtainable from %524 by transposition, 7.c. by negating
each side of the equivalence. '
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%5246, F:a,Bel.D:aCB.=.a=B.=.q4'!(anp)
Le two unit classes are identical when, and only when, one is contained
in the other, and when and only when they have a common part.

%6201, 1=a{(qe).a=1%} Df

%621 Frael.=.(qx).a=1% [%20°3 . (%52:01)]
#6211, Frael.=:(jo)iyea.=,.y=a [%521.%5114]
%5212, F:2(p2)el.=.E! (1z)(¢px)

Dem.
F.x5211.DF:02(p2)el.=:(qa):ye2(Pp2) . =y.y=u:
[%20-3] =:(qx): dy.=y.y=x:
[%14-11] =:E!1(z)(¢px):. D F. Prop
%562:13. F.1=D%
Dem.
F.%51'131.DF:a=tz.=.atx:
[¥10°11281] D F: (fz).a=tz.=. (). atzx:
[%52°1] dbiael.=.(qo).ax
[¥33°13] =.aeD%:DF.Prop
%56214. F.1=14V [%52:13 . %37°28]
¥5215. Fiael.=.E!(i% [%51°54 . %5211
%52'16. F:ael.=:qla:a,yea.Dy, . o=y [¥5215.%5155.%14°203]
%6217, Frael.=. %= (1) (zea) [%51°58 . %52'15]
*¥62'171. F:ael.=.E! (1x) (zea) [%51°55 . %52:15]
¥52172. F:ael.=.a=a (%5152 . %5215]
¥52173. Frael.=.1aea [%51'53 . %5215]
%5218, F:iael.=:(ga):zeaiyea.dy,.y=x
Dem.

F.%51'141.D b (o) .a=tz. = : (o) tzeazyea. Dy.y=a (1)
F.(1).%521.0F.Prop
%5218l Fia~vel.=:2ea.D,.(y).yea.y+z [%52:18.%10'51]
%5622, +.1CCls

Dem.
F.o%521.JF:1ael.D.(f2).a=tz.
[#51-11] d.(Az) . a=2(z=1x).
[%20°54] d.(Hqa, ) 2(pl2)=2(=a).a=2(d!2).
[%10°5] d.(gp).a=2(¢p!2).

[%20-4] D.aeCls:DF.Prop
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%5221, F.A~el

Dem.
F.%5216.0F:ael.D,.qla:

[¥2463] DF:A~el
¥5222. F.iwel [%51°12.%14:28. %1024 . %521]

%5223, F.qll.gl—1

Dem.
F.#52:22 . %10°24. D F. (g[#) . tze 1.
[%20-54] k. (qqz,0).0=w.ael.
[%10°5] dF.(a).ael (1)
F.%52:21 . %2235.DF. Ae—1.
[%10-24] k. (qa).ae—1 (2)
Fo(1).(2). S . Prop

%5224, F.1+£AnCls.1+VACls [%5223 . %2454 . %2417 . Trausp]

%528, F.ifaC1

Dem.
F.%5222.%202. Dbiyea.d.tyel:

[%5112.%1011.%37°61]1 D F . ¢“a C1
%5231, F:xCl.=.(qa).c =" a

Dem.
F.o%5214.DF:xCl.=.cCt“V.
[%37-66.%51°12] =.(q0). aCV.x=ta.
[#%24-11] =.(ga). e =t“a: I k. Prop
%624, Fraelvi‘A.=:n,yea.d,y.x=y
Dem.
F %5216 . %2454 . D
Froael. =tafAia,yea.dy . a=y:.
[#4837] DFnael.via=A:=ta=AunviafA:izyea.d,, .=yt
[%5:63] =na=A:vizyea.d, na=y (1)
F.%24:51 .%1053 . %1162.DFia=A.D:x,yea.Dd, . x=y (2)
Fo(1).(2) . %472 dbmtael.via=A:=ta,yea.d,y.z=y (3)
F.(3).%51236. D F.Prop

This proposition is frequently useful. We shall define the number 0 as
1A ; thus the above proposition states that a class has one member or none
when, and only when, all its members are identical. It will be seen that
x,y €.y, x =y does not imply 5 !a, and therefore allows the possibility
of a having no members.
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%5241, F:iqla.a~el.=.(qa,y) .z, yea.afy

Dem.

F.%2454.DFnrpla.a~el.=taf A.a~vel:

[%4-56] =:i~fael.via=A}:

[%51-236] =:~(ael vifA):

[%52'4. Transp] =i~ yea Dy, x =y

[%1152] =:(qa,y) .a,yea.zdy . DF. Prop
%5242, F:iael.d:glanB.=.anBel

Dem.
F.x51831. DFuamqliznB.=.t'znB=1%:.
[%20°53] Dbna=tz.D:qlanB.=.anfB=t‘z:.
[%10'1128] DF:i(ge).a=t‘z. D.(ga).g!an,@.n.anﬁzc‘w:
[%10°37] drgilanB.3.(qo).anB =12 (1)
F.(1).#521.dFnael.diggltanB.D.anBel (2)
F.%5216. DF:anBel.Dd.qqlanp (3)

F.o(2).(3). DF.Prop
%5243. t:ael.jglanB.=.ael.anBel [¥5242.%532]

%5244, Fiael.D:glanB.=.aCB.=.anfB=a
Dem.
F.%51-31. dDb:gqlitenB.=.12CH:
[¥13'13.Exp] JFia=tz.d:gqlanB.=.aCf:.
[%10°11-23] DF:i(gpo).a=t‘c.J 9! an,B.E.aCB:.
[%521] DFiael.d:qqlanB.=.aCf (1)
F.(1).%22:621.D k. Prop

%5245, tua,Bel.D:aCBuy.=:a=LB.v.aCy
Dem.

Fox51236 207 5
Z;")ﬁ

Frooet'yvy.=tx=y.v.zery:
[%512-23] DF‘..LwCLJUV._.L“Z—L‘y v. L.szy'
[%13-21] Dbma=tz.B=1ty.DaCBvuvy.=:a=B.v.aCy::
(%11711:85] D F (e, y).a=t‘s. 8=1y.D:.aCBuy.=:a=B.v.aCy (1)
F.(1).%52'1.DF.Prop

5246. F:.a,Bel.D:aCB.=.a=8B.=.q!(anp)

Dem.

F.%51:2:23 . dhitwCify.=. e =1y (1)
F.(1).%1321. Dbuno=t2.8=1t%.D: aCL‘;’ =.a=8 (2)
F.o(2).%11'11835.%52'1. O F:a,Bel.D:aCB.=.a=f (3)

F.(3).%5244. D F.Prop
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#526. Fiael.d:izea.=.t2=a.=.a0=1"
Dem.
F.%51:23 . Dbizety. = tfa=1Y:
[%13-13.Exp] Dbia=ty.diwvea.= . l‘s=0a:.
[%101123.%521] DFiael. Dizea.=.tz=a. (1)
[#51-51] == (2)
F.(1).(2).2F.Prop
%52601. i—::ael.D:.¢(:‘a).£:,z.:ea.Dx.¢¢f:zz(ga:).wea.¢w
Dem. v
F.%5215.DF:. Hp.D:Elifa: (1)
[%304] Diaxta. .x=1L‘.
[%526] =.x¢€a (2)
Fo(1).%3033.D
FarHp.Dng(tfa) = tata. g izt (o). w v, pa (3)

F.o(2).(3).2F. Prop
%¥52602. F:.2(p2)el.D iy (1) ()= pu Dppw . = () « P o Yt
(%5212 . %14-26]
*¥5261. Fiael .D:\LJ‘ae,B.f;’.aCB.;;—r il (anB) ‘:*52'601 w‘;x}

$6262. FrnoBel.dia=pB.=. %=1

Dem. v v v
F.%52601.DFHp.Dnt‘a=t1‘B.=twea.dz.x=1B:
[%52:6] =:wea.dz.xef3:
[%52:46 ] ~:ra=R:1::IF.Prop

%5263. F:a, Bcl.axB.D.anB=A [%35240. Transp]
%5264 F:ael.D.anBelvi‘A

Dem.
F.%5243. DF:Hp.yqlanB.D.anBel:
[%56.%2454]DF:.Hp.DianB=A.v.anBel:
[%51-236] DianBelvi‘A:.DF.Prop
%527 FiB—o0ael.aCE.ECBR.D:E=a.v.E=f
Dem.
F.%22:41. DF:Hp.£Ca.D.E=a (1)
F.%24°55. Db:~(ECa).D.lé—a (2)
F.%2248. DF:Hp. D.E—aCB—a (3)
F.(2).(3). DF:Hp.~(ECa).D.ylf—a.E—aCB—a (4)
F.%52°1. DF:Hp.D.(gdo).B—a=1tz (5)
F.(4).(56).%51'4.DF:Hp.~((Ca).D.E—a=B~a.
[%24:411] D.£=8 (6)

F.(1).(6).DF.Prop



%53. MISCELLANEOUS PROPOSITIONS INVOLVING UNIT CLASSES.

Summary of *53.

The propositions to be given in this number are mostly such as would
have come more naturally at an earlier stage, but could not be given sooner
because they involved unit classes. It is to be observed that ¢‘c v ¢y is the
class consisting of the members z and y, while ¢‘2 T t‘y is the relation which
holds only between # and y. If a and B are classes, t‘av ‘8 is a class of
classes, its members being a and 8. If R and S are relations, (‘K 7T ¢S is a
relation of relations; and so on.

The present number begins by connecting products and sums p‘x, s,
PN, §A, In cases where the members of « or A are specified, with the products
orsumsanfB, avB, RAS, RuS. We have

#5301, F.pita=a

%531 F.p(tavi‘B)=anf
%5314, F.p‘(kvi‘a)=phcna

with similar propositions for s, p and .

We have next a set of propositions on sums and products of classes of unit
classes. The most important of these is

*5322. F.s‘ta=a

We have next a proposition showing that the sum of « is null when, and
only when, « is either null or has the null-class for its only member, ..
#5324, Fisk=A.=:k=AnCls.v.e=1‘A

(Here we write “A n Cls,” to show that the “A” in question is of the next
type above that of the other two A’s.)

We have next various propositions on the relations of E‘x and R‘z and
Rf“a in various cases, first for a general relation R, and then for the particular
relation s defined in %40. Three of these propositions are very frequently
used, namely :

—_)
%533, F:E!R%w.=.R‘zel

H
%563301. . R“‘e =R
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—)
%5331, F:E!R2.D.R“t‘2=(‘Rz=R‘x

The remaining propositions of this number are of less importance, and are
seldom referred to.

#5301, F.p“a=a

Dem.
F.x401.DFnzepia.=:Bet‘a. dg.zefB:
[%51°15] =:f=a.Jg.zefB:
[%13-191] =:zea: JF.Prop
%56302. F.s%a=a
Dem.

F.%40'11.DF:zes“a.=.(B).Beta.xze .
[%5115] L(B).B=a.zef.
[%13-195] .zea:DF.Prop
%63:03. F.pR=R [Proof as in %53:01]
%6304 F.s«“R=R [Proof as in #53'02]
%631 F.p‘(tlavi‘B)=anfB
Dem.

il

!

F.%4018. D F. p‘(tlav t‘B) =p“fan pit‘B
[%5301] =anfB.DF.Prop
This proposition can be extended to t‘av ‘B v iy, etc. It shows the
connection (for finite classes of classes) between the product p‘x and the
product of the members anBanyn ...
%6311, F.s‘(Lavi‘B)=avp
Dem.
F.%40171.DF.s‘(tav t‘’B) =s‘t‘a v st
[%53:02] =quB.JF.Prop
Similar remarks apply to this proposition as to %53°1.
%8312, F.p(Rui'S)=RAS [%41°18.%5303]
This proposition shows the connection between the product px for a class
« consisting of two relations R and S, and the product R A4 S. The proposition
can be extended to the product of any given finite class of relations.
*¥5313. F.s(Ruit‘S)y=RuS [%41'171.%53:04]
Similar remarks apply to this proposition as to %5312,
*¥0314. F.pikvifa)=pkna
Dem.
F.%4018.DF.p“(k v t‘a) = p‘k n pitia

[%53:01] =p‘ena
R. & w. 24
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%6315, F.s(kvifa)=skva [Proof as in %53:14]
%6316, F.p‘Avi‘R)=pAAR [Proof as in %53'14]
%5317, F.s(Avi'R)=§Au R [Proof as in %53'14]

The above proposition and the next are both used in connection with
mathematical induction (%9155 and %9746 respectively).

%5318, F.s‘(a—t‘A)=s‘a

Dem.
F.ox51221.DF:Aea. D.(a—tA)vi‘A=a.
[%53°15] J.s(a—t‘A)yv A=sa.
[#24:24] J.sa—1*A) = sa (1)
Fo%51222.0F: A~vea.Dd. a—t‘A=a.
[%30:37] J.sf(a—t°A) = s‘a (2)

F.(1).(2).9F.Prop
%x53181. F.5(N—A)=§N [Proof as in %53°18]

*93°2. l':/cel.D.\LJ‘/c=p‘/c=s‘/c

This proposition requires, for significance, that x should be a class of
classes. It 1s used in %8847, in the number on the existence of selections
and the multiplication axiom.

Dem.
F.%52:601.DF:: Hp. Z):.xe\LJ‘/c:_:_:aex.)a.xea:E:((g[a).aex,.wea (1)
F.o(1).%401°11. D k. Prop

#6321, F:hnel.D.iA=pr=§% [Similar proof]
This proposition requires, for significance, that A should be a class of
relations.

%5322, F.sa=a

Dem.
F.xd011.DFzes“t“a.=. () . yet“a. zey.
[*37-64.%51°12] =.(qy).yea.xet’y.
[#¥51-15] =.(qy).yea.x=y.
[#13:195] =.zea:dF.Prop
%53221. F.1“('zvify) =11z v iy
Dem.
F.ox871.DFtaet“(tzvity).=:(g2).2ze(tzv t'y).atz:
[%51'131] =:(ge).ze(tzvit’y).a=1%:
[¥51-235] =ta=tz.v.a=1Ly:

[%51-232] =rae(tUz vty . D k. Prop
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¥53922. F:r=19a.D.a= 1%

Dem.
F.¥1312.%202. D F: Hp.D. 1% = 1“1
[%51511.%1421.%3767] =2 {(xy) . y et a= L0y}
[%51-511] =2{(qy).-yea.z=y}
[%13:195] =a:DF.Prop
#5393, F:1xC1.D.s% =1
Dem.,
F.%5231.DF:Hp.=.(q0) .« =1“a (D)
F.x5322.0F 1k =1a.D.s%=a
[%53:222] e 2)

Fo(1).(2).%101123 .2 F. Prop

x%53231. Frzea. Dy e=y:=ta=A.v.a=1%

Dem.
F.%51141.DFqlatzea. D o=y =1a=1%y 1)

F.%1053. DFi~qla.dizea. D .o=y1.
[#471] Dbi~qlaizea. D a=y:r=.~qla.
[%24°51] ca=A (2)
Fo(1).(2).%44239.D . Prop
#5324 Fisk=A.=:k=AnCls.v.e=1A
Dem.

Il

il

F.%24:15.%40'11.D
Frs‘e=A. =:(z):i~{(fa).aex.zeal:

[%10°51] =:(z,a)izea.d.avek:
[%112.%1023] = : (@) . ¥ €A Dy . AvEK

[%24-54] =:afA.D,.avek:

[Transp] =:0ek.D.a=A:

[¥53231) =ik=AnCls.v.k=tA:.D}F.Prop

In the enunciation and the last line of the proof of the above proposition,
we write “x = A n Cls” rather than “ x = A,” because this A must be of the type
next above that of the A in “x=1°A.”

The following proposition is used in the theory of selections (*83:731).

%5325, FisknsA=A.DixnA=AnCls.v.knA=1A
Dem.
F.%40'181.DF:. Hp.D:s‘(knaX)=A:

[%53:24] Diknar=AnCls.v.eknr=1‘A:.DF.Prop
242
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—_—)
%533, F:E!R2.=.R‘%el

Dem.
F.%302.DF:ElRz.=:(gb):yRe.=y.y=0b:

—_’
[%32:18.%51°15] :(gb):yeR2.=,.yet‘b:
—-—>
[%20-31] :(qb) . Rz =1 :
_)
[%521] :Rzel:DF.Prop

The above proposition is very frequently used.

K

n

i

_.-)
%63301. F.R“t‘2= Rz

Dem.
F.x371.%5115.DF:ye Rz = . (2) . 2=x.yRz.
[%13195] =.yRx.
>
[%32'18] =.yeRz:JF.Prop

e
%53:302. F.R“(t‘aviyy=Rzv Ry [%3722.%53301]
The above proposition is used in the cardinal theory of exponentiation
(%116°71).
)
%5331, F:E!R%.D.R“‘z=1"R'z=R‘
The above proposition is one of which the subsequent use is frequent.

Dem.
F.x51'11.%1418.DF: Hp.d . 'R =4 (y = R'x)

[%304] = (yBa)
__)
[¥32:13] =R (1)
F.(1).%53301. JF.Prop
%5332, F:E!R2.E!R%Y.D.R“(‘evi‘y)=1'R'zv ‘R
Dem.

F.x3722.0F. R“(t'2 v ty) = R*“ta v Rty (1)
F.(1).%5331.2F. Prop
%5333, F.s“U'k=1ts [*53'31 1%]

#5334, F.s“(t°c v LN) = 15"k v LSS A [*53‘32 ;{J

#5335, F.ss“(t‘k viIA) =58k VSA =5k V)

Dem.
F.x53:34.DF. stk v 1N) = s(1°°, v L°sN)

[%5311] = sk VA
[%40°171] =s(k vA).DF.Prop
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The above proposition may also be proved as follows:
Foxd21.DF.s%“(t%% v 1N) = s°s°(1c v LN)

[%5311] =s(k V)
[%40°171] =8¢ vsA.DF.Prop
- — — v —
%034, Fize=Ry.=.RYyel.zeRy.=.t'2=Ry.=.x=1‘RY
Dem.
Fox1421.%471.DOF:z=Ry.=.E!Ry.2=R‘y.
[#30°4.%532] =.E!RY.z2Ry.
- —
[%53:3.%32'18] =.Ryel.ze RY. (1)
- e
[%52'6.%532] =.R%el.tz=RY.
_)
[%52:22] =.t'z=RY. (2)
v —
[%51°51] =.2=t‘R'y (3)
F.(1).(2).(3). DF.Prop
%535, F:qqla.=.aeCls—t‘A
Dem.

F. %2041 .Dl—:E[!%‘(¢z).E.’z‘(dw)eCls.E[!'z‘(d)z) .

[%24°54] =.2(p2)eCls. .2 (p2)+ A .

[%51-3] =.%2(¢p2)eCls —*A: D F. Prop

In the above proof, as usually where “Cls” or other type-symbols occur,
it is necessary to abandon the notation by Greek letters and revert to the

explicit notation.
#6351, F:f!R.=.ReRel—t‘A [Proof as in %53'5]

%6362, F:aex.qla.=.aex— 1A

Dem.
F.%2454.DF:aex.la.=.aex.af A.

[*51-3] .aex—t°A:DF.Prop
#6353, F:Rer.f[!R.=.Rerx— ‘A [Proof as in %53:52]
The following propositions are inserted because of their connection with

— —
the definition of a— B8 in %70. R“(‘R and R*‘“V are both important classes.

e

. - «
%036, F:R=A.gl!a.d.R%=1A.R“=1A

Dem. —
b 3315241 .%2418. D F : Hp.D . Rw = A (1)

b (1).%377.9 k1 Hp. D . BB {(ga) .o ca. B= A

[¥10:35] =B (gla.B=A}
[%4°73] =B(B=2)
[%51-11] =tA (2)
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«—
Similarly F:Hp.D.R%=1A 3)
F.(2).(3).DF. Prop
%
#%53601. F:qpla.anT‘R=A.D.R“ =1‘A

Dem.
F.%3341. DF:Hp.cea.d.Ra=A (1)
F.(1).#377.3F:Hp.D. Ra=B {(552) - @ ca. B= A
[%10:35] =f{gla.8=A)
[%4:73.%51°11] =1‘A: D F.Prop

#53602. F:gla.anDR=A.D. R =1A [Proof as in #53:601]
¥63603, Figp!—(R.D.R~CR) —iA [¥2421.%53601]
63604, F:gt—DR.D.R~DR) —uA [#2421.%53602]
#5361, F:A‘RCa.A‘Rta.d . Riam REAR u ‘A

Dem.
F.%22:92. dF:Hp.d.a=U‘Rv (a—dR) (1)
F.%246. DF:Hp.D.qla-dR.
—_)
[%24-21.%53'601] D.R¥a—-UR)=1t‘A (2)
e ¢ -
F.(1).%3722.3F:Hp.DJ. R“a= R“U‘R v R*(a — A*R)
_)
[(2)] =R“‘Rvi‘A:DF. Prop
—
#03611. F: D‘RCa.D‘R+a.D.Ra=R“DR v t°A [Proof as in %5361]
- -
%53612. F:A*R$V.D.R“V=R“ARv ‘A [%53-61 . %24:11]
« «—
%563613. F: DR+ V.D.R“V=R“D‘Rut‘A [#53611 . %24°11]

- -
*53614. F. R“d‘R = RV — A
Dem.
F.%53612.%22:68.%24:21.D

- -
Fr@R+V.D. ROV — 1A = REQR — 1A 1)
Fox22481.0 b1 M R=V. 2. RV — ‘A= RC@R— A (2)

FoR3TTT2. %5136 . 422621 . D b . REA‘R — ‘A = ROAR (3)
F.(1).(2).(3).2F. Prop

«— «
%53615. F. R“D‘R=R“V — ‘A [Proof as in %53'614]
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The two following propositions are used in %70°12.

- -
%5362. F:R“U‘RCy.=.R“VCyut‘A
Dem.

- -
F.%53614.DF: R“A‘RCy.=.R“V— 1A Cy.
—>
[%24-43] =.R“VCyui‘A:DF. Prop

« «—

%563621. F: R“D‘RCry.=.R“VCyut‘A [Proof as in %53:62]
- -

%6363. F:A‘R$+V.D.DR=R“URut‘A [%3778.%53612]
— «

x6363L. F:D‘R+V.D.D‘R=R“D‘Rut‘A [%37'781.%53613]
- -

*¥56364. F:A‘R=V.D.D‘R=R“U‘R [%37°78]

—
%53641. F:D'‘R=V.D.D‘R=R“D‘R [%37-781]

375



%54, CARDINAL COUPLES.

Summary of %54.

Couples are of two kinds, namely (1) t‘z v ¢y, in which there is no order
as between z and y, and (2) t‘@ T ¢y, in which there is an order. We may
distinguish these two kinds of couples as cardinal and ordinal respectively,
since (as will be shown hereafter) the class of all couples of the form t‘z v t‘y
(where x & y) is the cardinal number 2, while the class of all couples of the
form ¢‘x 7T ¢y (where z#y) is the ordinal number 2, to which, for the sake
of distinction, we assign the symbol “2,,” where the suffix “»” stands for
“relational,” because the ordinal 2 is a class of relations. In the present and
the following numbers, we shall define 2 and 2, as the classes of cardinal and
ordinal couples respectively, leaving it to a later stage to show that 2 and 2,,
so defined, are respectively a cardinal and an ordinal number. An ordinal
couple will also be called an ordered couple or a couple with sense. Thus a
couple with sense is a couple of which one comes first and the other second.

We introduce here the cardinal number 0, defined as t*A. That 0 so
defined is a cardinal number, will be proved at a later stage; for the present,

we postpone the proof that 0 so defined has the arithmetical properties of
zero.

Cardinal couples are much less important, even in cardinal arithmetic,
than ordinal couples, which will be considered in the two following numbers
(%55 and %56). It is necessary, however, to prove some of the properties
of cardinal couples, and this will be done in the present number. Some
properties of cardinal couples which have been already proved are here
repeated for convenience of reference. The definitions of 0 and 2 are:

%56401. 0=1(A Df
%6402, 2=a{(qe,y).vFy.a=1zvi‘y} Df

Most of the propositions of the present number, except those that merely
embody the definitions (%54:1:101:102) are used very seldom. The following
are among the most important.

%5426. F:izviye2.=.2Fy
%643, F.2=a{(fz).zea.a—1zel}
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¥044. FuBClzviy.=:B=A.v.B=tz.v.B=ty.v.B=tz v (Y
#6483, Fiae2.z,yea.z2fy.d.a=tzviy
%6456, Fia~eOvlv2.=.(gey,2).2,y,2¢a.a%y.a%2.yF2

*¥5401. 0=(‘A Df
¥5402. 2=a{(gz,y) . a%y.a= 1z v (‘Y] Df

*64'1.  F.0=(A [(%54°01)]
*¥04101. F:ae2.=. (4o, y) . aty.a=1zv iy [(*%54:02)]
*%04'102. F:ael0.=.a=A [%54°1]

The two following propositions have already occurred in %51, but are here
repeated, because they belong to the subject of the present number.

*¥0421. Frizvity=tauiz.=.y=2 [#51°41]
#0422, Fudzviy=1oviiw.sia=z.y=w.v.o=w.y=2 [*5143]
*¥0425. Fiiwviyel.=.a=y
Dem.

Fo%52:46'1 . %2258 . D Frieuiyel. D e vty =tz (“a v Ly = LY.

[%20°23] D.tfe=1% (1)

F.%22:56. DbF:te=19.D. 1w v iy =1. '

[%52:22] Dd.utf‘zvifyel (2)

I‘.(l).(2).)":t‘x\lt‘y€1.E.L‘.ﬁb=t‘y.
[%51-23] .z=y:JF.Prop
#6426, F:iwuiye2.=.a4
Dem.
F.o%54:101.DF iz iLfye2.
(e w) . zkw. vy =12V Lfw:.

1l

<

o

[%54:22] LAz w)izFkwiz=z.y=w.V.x=w.y=2"
[*4:d.x11-41] = (e w).ctw.or=z.y=w.v.(gz,w). 2Fw. a=w.y=2".
[%13:22] =nafy.viytao:.

[%1316] Stafy::dk.Prop
#5427, Rz vuifyelu2 [*54:25'26]
#4271 F.1v2=0a{(gs,y).a= s v 1}
Dem.
F.%4:42.D
F:.a:L‘muL‘y_E:x_—_y.a:l,‘xuL‘y.v.x+y.a=t‘wut‘y (1)
}'-(1).*11'11'341'41.3!~:.(g{w,y).0¢=t‘xub‘y.
(Jz,y) . a=y.a=tzviy.v.(qo,y) .2y . a=12v 1:

[%13195] =:(ga).a=tzvie.v.(qz,y) .2+ y.a=tzviYy:
(%2256 si(qa).a=tz.v.(qe,y) . aFy . a= s v i'y:
(%52 1.%54101) = :ael.v.ae2:

[%22:34] =:aelv2:DF. Prop
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*%643. F.2=a{(jz).vea.a—1‘zel}
Dem.
F.%52'1.%1035.D
Fi(go).cea.a—t‘zel. .= (o, y).zea.a—t‘c=1.

[*51'22 %J =. (o, y)tenty=A.t'zvi‘y=a.
[#51-231.%54:101] =.ae2:JF.Prop

%044, F:uBCi2viy.=:B=A.v.B=tz.v.B=ty.v.B=1tzv iy
Dem.

F.%512. DF:z,yeB.D.t'zvi‘yCR:

[Fact] dF:BCtzviy.a,yeB.D.BC Lz Y. tvviyCR.

[%22:41] 3.8=1twu iy 1)
F.%5125. D+ BCilsvify.y~eB.D:BC1:

[%51-401] Jd:B=A.v.B=1t2 (2)
Similarly  F:#.BCitzvi‘y.a~eB.D:B=A.v.B=1Y 3)
F.(2).(3).%348.D
I—:.,BCL‘wuL‘y.rv(w,ye,B).D:,B=A.v.,8=b‘x.v.,3=l‘y (4)
F.(1).(4).%34:8.D
Fr.BCizviy.d:B=A.v.B=t2.v.B=1y.v.B=12v Y (5)
F. %2412, %22:5842. D
FrB=A.v.B=tz.v.B=ty.v.B=taviy:D.BCLzv Y (6)
F.(5).(6).DF.Prop

This proposition shows that a class contained in a couple is either the
null-class or a unit class or the couple itself, whence it will follow that 0 and
1 are the only numbers which are less than 2.

%5441, F:i1ae2.D:.8Ca.D:B=A.v.Bel.v.Be?2

Dem.
F.o#521. DFinB=tw.v.8=1%:D. 8¢l )
F.%54:26.DFnedy.d:B=1zvi‘y.D.Be2 (2)

Fo(1).(2). %544,
Frzdy.D:nBClzviy.D:B=A.v.Bel.v.Be2::
[¥1812]DFia=tzviy.a+y.D:.fCa.D:B=A.v.Bel.v.Be2::
[11-11-35]D
Fr(ge,y).a=t2vi‘y.a$y.D:.BCa:B=A.v.Bel.v.Be2 (3)
F.(3).%54101.D F. Prop

#54'411. Fr.ae2.2:8Ca.D.8c0ulu2 [%5441102]



